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We calculate the correction to the deuteron quadrupole moment induced by generalized uncertainty
principle (GUP) and ﬁnd an upper bound on the minimal length.
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physics indicate the existence of a minimal observable length. This
minimal length is described quantum theoretically as a non-zero
minimal uncertainty ðDxÞmin in position measurements [1]. This
has given rise to the generalized uncertainty principle (GUP),
which is DxDpP h2 ð1þ bðDpÞ2Þ, where b is a small parameter,
assumed to be positive [2]. If b ¼ 0, this relation reduces to the
ordinary Heisenberg uncertainty principle. The modiﬁed uncer-
tainty relation gives rise to Dxmin ¼ h
ﬃﬃﬃ
b
p
in one dimension.The
accurate measurements available for the Lamb shift allow one to
set an upper-bound ðDxÞmin < 1017 m [3]. Thus we see that GUP
can have observable consequences at length scales much larger
than the Planck scale ð 1035 mÞ. In this work, we compute the
correction to a very important natural quantity, namely, the cor-
rection to the quadrupole moment of deuteron due to the presence
of minimal length.
The deuteron in its ground state is predominantly in the
3S1-state with an admixture of 3D1-state. The wave function is
found usually by solving the Schroedinger equation
p!2
2m
þ Vð x!Þ
" #
Wð x!Þ ¼ EWð x!Þ: ð1Þ
Nuclear force is not fully central and to ﬁnd analytical wave
functions of the deuteron one should incorporate spin-orbit and
tensor potentials with the predominant central potential. For ourpurpose, that is, to implement the generalized uncertainty princi-
ple in the equation of motion, we shall consider only a central
and square-well potential given by,
VðrÞ ¼ V0; r < r0
0; r > r0

; ð2Þ
where r is the radial distance between the two nucleons, and V0; r0
are the depth of potential and range of the force, respectively. We
deﬁne the radial wave function uðrÞ by uðrÞ ¼ rW and obtain the
radial Schroedinger equation for orbital quantum number l ¼ 0, in
the region r > r0 as,
d2u
dr2
 c2u ¼ 0; r > r0; ð3Þ
where
c2 ¼ 2lE0
h2
; ð4Þ
where l is the reduced mass of the deuteron, and
E ¼ E0 ¼ 2:226 MeV, is the binding energy of the deuteron. It
can be shown that [2] the following representation incorporates
the generalized uncertainty principle at the ﬁrst order in b,bXi ¼ xi; bPi ¼ pið1þ b p!2Þ; ð5Þ
with pi ¼ ih @@xi. Neglecting terms of order b
2, the Schroedinger
equation takes the form
p!2
2m
þ b
m
p!4 þ Vð x!Þ
" #
Wð x!Þ ¼ EWð x!Þ: ð6Þ
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i.e., of non-vanishing b can be studied.
Beyond the range of the potential, this equation gives for the
radial function uðrÞ,
d2u
dr2
þ 2lE
h2
u 8bl
2
h2
E2u ¼ 0; r > r0: ð7Þ
Now, the deuteron quadrupole moment Q is an ‘‘outer’’ quan-
tity; the main contribution to Q comes from outside the range of
force [4]. Hence, we are interested mainly in the solution of Eq.
(3) for the case of ordinary algebra and in the solution of Eq. (7)
for the case of modiﬁed Heisenberg algebra. As can be easily seen,
solution to Eq. (3) is given by
u ¼ Asecr; ð8Þ
where As is the asymptotic S-state amplitude. For solution to Eq. (7),
we note that this equation is to be solved using the perturbation
theory. Following the usual perturbation method, we can write
E ¼ E0 þ bE1, where bE1 is the contribution of the GUP and E0
is the unperturbed total energy (i.e., without GUP). Here we have
used the GUP parameter b as the small perturbing parameter.
Inserting this in Eq. (7), we see that the 3rd term on the left hand
side contains one term proportional to b and two terms propor-
tional to b2; neglecting terms proportional to b2, we are left with
8bl2
h2
E20. The 2nd term on the left hand side of the Eq. (7) contains a
term proportional to b which can be neglected in comparison to
the former term (this is justiﬁed when we make an order of
magnitude calculation), and hence in leading order in b we can
write Eq. (7) as
d2u
dr2
 a2u ¼ 0; ð9Þ
where
a2 ¼ 2lE0
h2
þ 8bl
2
h2
E20 ¼ c2ð1þ 2bh2c2Þ: ð10Þ
The solution to Eq. (9) appears as
u ¼ Bsear ; ð11Þ
where Bs is the asymptotic S-state amplitude when GUP is taken
into account. The approximate D-state ðl ¼ 2Þ radial function out-
side the range of nuclear force is given by [4],
w ¼ Asgecr 1þ 3cr þ
3
ðcrÞ2
" #
; ð12Þ
where g is the asymptotic D/S ratio, and this expression
corresponds to the problem under ordinary Heisenberg algebra.
Clearly, the problem of radial function at the outer region is gov-
erned by c when we consider ordinary Heisenberg algebra and by
a when we consider the problem under GUP. The deuteron quadru-
pole moment Q (in the case of without GUP) is given through the
function u of Eq. (8) and w of Eq. (12) by [4],
Q ¼ 1ﬃﬃﬃﬃﬃﬃ
50
p
Z 1
0
r2uwdr  1
20
Z 1
0
r2w2dr: ð13Þ
Now, when we consider the problem from the standpoint
of GUP, our main functions are the u given by Eq. (11) and the
w given by,w ¼ Bsgear 1þ 3ar þ
3
ðarÞ2
" #
; ð14Þ
which we expect to hold very good because of the similarity of the
main equations, valid outside the range of force. Since the D-state
probability is relatively small, neglecting the second integral in
Eq. (13), the deuteron quadrupole moment Q 0 given by the formal-
ism of GUP becomes,
Q 0GUP ¼
2gﬃﬃﬃ
8
p
a2
: ð15Þ
Now, using Eq. (10) we obtain, in the ﬁrst approximation, for
quadrupole moment
Q 0GUP ¼
2gﬃﬃﬃ
8
p
c2
 4h
2gﬃﬃﬃ
8
p b: ð16Þ
The 2nd term in Eq. (16) is the correction to the quadrupole
moment due to the generalized uncertainty principle and is given
by
DQGUP ¼ 
4g
5
ﬃﬃﬃ
8
p ðDxminÞ2; ð17Þ
where we have used, following [2], Dxmin ¼ h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdþ 2Þb
p
¼ h
ﬃﬃﬃﬃﬃﬃ
5b
p
. To
have more accuracy, we multiply Eq. (17) by 15/16, because the
second integral in Eq. (13) is 1/16 of the ﬁrst integral. Hence
DQGUP ¼ 
3g
4
ﬃﬃﬃ
8
p ðDxminÞ2: ð18Þ
Now, the best experimental uncertainty in the deuteron quad-
rupole moment is [5] DQexp ¼ 0:0003 fm2. The deviation to Q
brought about by the existence of a minimal length is actually
not discernible by experiment; hence the two values, predicted
Q 0GUP and the experimental Q exp must be close enough, that is, they
must be, with respect to each other, within the experimental error.
Hence, we expect
DQGUP 6 0:0006 fm2; ð19Þ
which leads to
3g
4
ﬃﬃﬃ
8
p ðDxminÞ2 6 0:0006 fm2: ð20Þ
Using the best experimental value of g ¼ 0:02713 [4], we obtain
Dxmin 6 2:89 1016 m: ð21Þ
This upper bound is close to one upper bound found in [3],
which is 1:64 1016 m, and somewhat relaxed compared to the
bound found by Brau [6], which is  1017 m. Thus we have found
an upper bound to the minimal length suggested by the general-
ized uncertainty principle from the experimental uncertainty in
the deuteron quadrupole moment and our calculated value agrees
with one of the values available in the literature [3].
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